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The effect of particle-hole fluctuations for the BCS-BEC crossover is investigated by use of functional
renormalization. We compute the Gorkov effect and the critical temperature for the whole range in the scat-
tering length a. On the BCS side for small negative a we recover the Gorkov approximation, while on the BEC
side of small positive a the particle-hole fluctuations play no important role, and we find a system of interacting
bosons. In the unitarity limit of infinite scattering length our quantitative estimate yields Tc /TF=0.264. We also
investigate the crossover from broad to narrow Feshbach resonances—for the latter we obtain Tc /TF=0.204 for
a−1=0. A key ingredient for our treatment is the computation of the momentum dependent four-fermion vertex
and its bosonization in terms of an effective bound-state exchange.
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I. INTRODUCTION

Ultracold gases of two-component fermions near a Fesh-
bach resonance show a smooth crossover between Bardeen-
Cooper-Schrieffer �BCS� superfluidity and Bose-Einstein
condensation �BEC� of molecules.1 The quantitatively pre-
cise understanding of BCS-BEC crossover physics is a chal-
lenge for theory. Experimental breakthroughs as the realiza-
tion of molecule condensates and the subsequent crossover
to a BCS-like state of weakly attractively interacting fermi-
ons have been achieved.2 Future experimental precision mea-
surements could provide a testing ground for nonperturbative
methods. An attempt in this direction are the recently pub-
lished measurements of the critical temperature3 and collec-
tive dynamics.4

A wide range of qualitative features of the BCS-BEC
crossover is already well described by extended mean-field
theories which account for the contribution of both fermionic
and bosonic degrees of freedom.5,6 In the limit of narrow
Feshbach resonances mean-field theory becomes exact.7,8

Around this limit perturbative methods for small Yukawa
couplings7 can be applied. Using �-expansion9 or 1 /N-
expansion10 techniques one can go beyond the case of small
Yukawa couplings.

Quantitative understanding of the crossover at and
near the resonance has been developed through numerical
calculations using various quantum Monte Carlo �QMC�
methods.11–14 Computations of the complete phase diagram
have been performed from functional field-theoretical tech-
niques, in particular from t-matrix approaches,15 Dyson-
Schwinger equations,7,16 2-particle irreducible �2PI� meth-
ods,17 and renormalization-group flow equations.18–21 These
unified pictures of the whole phase diagram,7,10,15–17,19–21

however, do not yet reach a similar quantitative precision as
the QMC calculations.

In this paper we discuss mainly the limit of broad Fesh-
bach resonances for which all thermodynamic quantities can
be expressed in terms of two dimensionless parameters,
namely the temperature in units of the Fermi temperature
T /TF and the concentration c=akF. Here, a is the scattering
length and the density of atoms is used to define kF and TF

via n=kF
3 / �3�2� and TF=kF

2 . �We use natural units with �
=kB=2M =1.� In the broad resonance regime, macroscopic
observables are to a large extent independent of the concrete
microscopic physical realization, a property referred to as
universality.7,10,19 This universality includes the unitarity re-
gime where the scattering length diverges, a−1=0,22 however
it is not restricted to that region.

For small and negative scattering length c−1�0, �c��1
�BCS side�, the system can be treated with perturbative
methods. However, there is a significant decrease in the criti-
cal temperature as compared to the original BCS result. This
was first recognized by Gorkov and Melik-Barkhudarov.23

The reason for this correction is a screening effect of
particle-hole fluctuations in the medium.24 There has been no
systematic analysis of this effect in approaches encompass-
ing the full BCS-BEC crossover so far.

In this paper, we present an approach using an exact flow
equation for the “average action25” �or “flowing action”�. We
include the effect of particle-hole fluctuations and recover
the Gorkov correction on the BCS side. We calculate the
critical temperature for the second-order phase transition be-
tween the normal and the superfluid phase throughout the
whole crossover.

We also calculate the critical temperature at the point
a−1=0 for different resonance widths �B. As a function of
the microscopic Yukawa coupling h�, we find a smooth
crossover between the exact narrow resonance limit and the
broad resonance result. The resonance width is connected to
the Yukawa coupling via �B=h�

2 / �8��Mab� where �M is the
magnetic moment of the bosonic bound state and ab is the
background scattering length.

The paper is organized as follows. In Sec. II we explain
our microscopic model and the flow equation method we use
to investigate it. Section III reviews the effect of particle-
hole fluctuations on a BCS-like superfluid. Section IV gen-
eralizes this to the whole BCS-BEC crossover and explains
how we incorporate particle-hole fluctuations in our
renormalization-group treatment using bosonization. We
present our results for the critical temperature and the phase
diagram in Secs. V and VI. Finally, Sec. VII describes the
crossover from broad to narrow resonances and we draw
conclusions in Sec. VIII.
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II. MODEL AND METHOD

A. Microscopic model

We investigate the functional integral for the BCS-BEC
crossover of an ultracold gas of fermionic atoms near a Fesh-
bach resonance. We start with a microscopic action including
a two-component Grassmann field 	= �	1 ,	2�, describing
fermions in two hyperfine states. Additionally, we introduce
a complex scalar field 
 as the bosonic degrees of freedom.
In different regimes of the crossover, it can be seen as a field
describing molecules, Cooper pairs, or simply an auxiliary
field. Using the resulting two-channel model we can describe
both narrow and broad Feshbach resonances in a unified set-
ting. Explicitly, the microscopic action at the ultraviolet scale
� reads

S�	,
� = �
0

1/T

d�� d3x�	†��� − � − ��	

+ 
���� −
1

2
� − 2� + ��	
 − h��
�	1	2 + H.c.�
 ,

�1�

where we choose nonrelativistic natural units with �=kB
=2M =1, with M the mass of the atoms. The system is as-
sumed to be in thermal equilibrium, which we describe using
the Matsubara formalism. In addition to the position variable
x�, the fields depend on the imaginary time variable � which
parameterizes a torus with circumference 1 /T. The variable
� is the chemical potential. The Yukawa coupling h couples
the fermionic and bosonic fields. It is directly related to the
width of the Feshbach resonance. The parameter � depends
on the magnetic field and determines the detuning from the
Feshbach resonance. Both h and � get renormalized by fluc-
tuations, and the microscopic values h� and �� have to be
determined by the properties of two-body scattering in
vacuum. For details, we refer to Refs. 19 and 26.

More formally, the bosonic field 
 appears quadratically
in the microscopic action in Eq. �1�. The functional integral
over 
 can be carried out. This shows that our model is
equivalent to a purely fermionic theory with an interaction
term

Sint = �
p1,p2,p1�,p2�

�−
h2

P
�p1 + p2�
	1
��p1��	1�p1�

 	2
��p2��	2�p2���p1 + p2 − p1� − p2�� , �2�

where p= �p0 , p�� and the classical inverse boson propagator
is given by

P
�q� = iq0 +
q�2

2
+ �� − 2� . �3�

On the microscopic level the interaction between the fer-
mions is described by the tree level expression

�	,eff = −
h2

− � +
1

2
q�2 + �� − 2�

. �4�

Here, � is the real-time frequency of the exchanged boson 
.
It is connected to the Matsubara frequency q0 via analytic
continuation �=−iq0. Similarly, q� = p�1+ p�2 is the center-of-
mass momentum of the scattering fermions 	1 and 	2 with
momenta p�1 and p�2, respectively.

In this paper we will mainly discuss the limit of broad
Feshbach resonances, which is realized in current experi-
ments, e.g., with 6Li and 40K. This corresponds to the limit
h→�, for which the microscopic interaction becomes point-
like, with strength −h2 /��. For broad Feshbach resonances,
one has a far going universality. Macroscopic quantities are
independent of the microscopic details and can be expressed
in terms of only a few parameters. In our case this is the
two-body scattering length a or, at finite density, the concen-
tration c=akF, where the Fermi momentum is related to the
density by kF= �3�2n�1/3. At nonzero temperature, an addi-
tional parameter is given by T /TF, where TF is the Fermi
temperature.

B. Flow equations for the effective action

The functional renormalization group connects the micro-
physics, as introduced in Sec. II A, to macrophysics and
therefore to observable thermodynamics, by means of a non-
perturbative flow equation. For this description, we start with
a functional-integral representation of the grand canonical
partition function

Z =� D�̃e−S��̃�. �5�

Here, �̃ collects bosonic and fermionic degrees of freedom.
In our case it can be written as a vector of the form

�̃�x� = �
̃1�x�,
̃2�x�,	̃1�x�,	̃2�x�,	̃1
��x�,	̃2

��x�� , �6�

where we have decomposed the complex bosonic field into
its two real components,


̃�x� =
1
�2

�
̃1�x� + i
̃2�x�� . �7�

We generalize Eq. �5� by introducing a source term �J�̃ and
an infrared cutoff term �Sk��̃�, so that we define the infrared
regulated functional Wk�J�

Wk�J� = ln Zk�J� = ln� D�̃e−S��̃�−�Sk��̃�+�J�̃. �8�

The cutoff term �Sk��̃� is quadratic in the fields. In Fourier
space it reads

�Sk��̃� =
1

2
� �̃†�q�Rk�q��̃�q� , �9�

where the infrared cutoff function Rk�q� has the properties

Rk�q� → � for k → � ,
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Rk�q�  k2 for
�q�
k

→ 0,

Rk�q� → 0 for
k

�q�
→ 0. �10�

For k=0 the functional Zk�J� generates the n-point functions,
while Wk�J� is the generating functional for the connected
correlation functions. The average action is defined as a
modified Legendre transform of Wk�J�,

�k��� = �− Wk�J� +� J�	 − �Sk��� , �11�

with �= ��̃�J=�Wk /�J. The average action has the important
property that it interpolates between the microscopic action
for k=� and the quantum effective action when k=0 and the
cutoff is absent. For k�0 the average action �k��� is the
coarse-grained free energy,

�k��� → S��� �k → �� ,

�k��� → ���� �k → 0� . �12�

The scale dependence of the average action is given by
the flow equation25

�k�k��� =
1

2
STr���k

�2� + Rk�−1�kRk� . �13�

Here, the STr operation involves an integration over mo-
menta as well as a summation over internal indices. We em-
ploy the second functional derivative of �k,

��k
�2�����ij�p1,p2� =

��

��i�− p1�
�k���

��

�� j�p2�
. �14�

Equation �13� is an exact equation and the starting point of
our investigations. It is a differential equation for a func-
tional which translates to a system of infinitely many coupled
differential equations for running couplings. In perturbation
theory, the solution of Eq. �13� corresponds to the computa-
tion of infinitely many Feynman diagrams. Finding exact so-
lutions to Eq. �13� for nontrivial theories is not possible in
practice, but one can use truncations in the space of possible
functionals to find approximate solutions. Such approxima-
tions do not have to rely on the existence of a small expan-
sion parameter such as the interaction strength and they are
therefore of a nonperturbative nature. For reviews of the
functional renormalization-group method see Refs. 27–29.

From the full effective action ����=�k=0��� one can de-
rive all macroscopic properties of the system under consid-
eration. For example, the thermodynamic properties can be
obtained from the grand canonical partition function Z or the
corresponding grand canonical potential �G=−T ln Z. It is
related to the effective action via

���eq� =�G/T . �15�

Here �eq is the solution of the field equation

� �
��
�����

�=�eq

= 0. �16�

Since the effective action is the generating functional of the
one-particle-irreducible �1PI� correlation functions, we can
also derive dynamical properties from ����. For example, for
a homogeneous field �eq, the full propagator G�q� is obtained
from

���2��ij�p1,p2� = �G−1�ij�p1���p1 − p2� . �17�

In this work, we solve the flow Eq. �13� approximately by
using a truncation in the space of possible functionals �k.
More explicitly, our truncation reads

�k��� =�
0

1/T

d�� d3x�	†��� − � − ��	 + 
̄��Z̄
�� −
1

2
Ā
�	
̄

+ Ū��̄,�� − h̄�
̄�	1	2 + 
̄	2
�	1

��
 . �18�

Here the effective potential Ū��̄ ,�� contains no derivatives
and is a function of �̄= 
̄�
̄ and �. Besides the couplings

parameterizing Ū �see below� our truncation contains three

further k-dependent �“running”� couplings Ā
, Z̄
, and h̄. The
truncation in Eq. �18� can be motivated by a systematic de-
rivative expansion and analysis of symmetry constraints
�Ward identities�, see.19,26,30 The truncation �Eq. �18�� does
not yet incorporate the effects of particle-hole fluctuations
and we will come back to this issue in Sec. IV �Eq. �35��. In

terms of renormalized fields 
= Ā

1/2
̄ and �= Ā
�̄, renormal-

ized couplings Z
= Z̄
 / Ā
 and h= h̄ /�Ā
, and effective po-

tential U�� ,��= Ū��̄ ,��, Eq. �18� reads

�k��� = �
0

1/T

d�� d3x�	†��� − � − ��	 + 
��Z
�� −
1

2
�	


+ U��,�� − h�
�	1	2 + 
	2
�	1

��
 . �19�

For the effective potential, we use an expansion around the
k-dependent location of the minimum �0�k� and the
k-independent value of the chemical potential �0 that corre-
sponds to the physical particle number density n. We deter-
mine �0�k� and �0 by the requirements

���U���0�k�,�0� = 0 for all k

− ���U���0,�0� = n at k = 0. �20�

More explicitly, we employ a truncation for U�� ,�� of the
form

U��,�� = U��0,�0� − nk�� − �0� + �m2 + ��� − �0���� − �0�

+
1

2
��� − �0�2. �21�

In the symmetric or normal gas phase, we have �0=0, while
in the regime with spontaneous symmetry breaking, we have
m2=0. The atom density n=−�U /�� corresponds to nk in the
limit k→0.

PARTICLE-HOLE FLUCTUATIONS IN BCS-BEC CROSSOVER PHYSICAL REVIEW B 78, 174528 �2008�

174528-3



In total, we have the running couplings m2�k�, ��k�, ��k�,
nk, Z
�k�, and h�k�. �In the phase with spontaneous symmetry
breaking m2 is replaced by �0.� In addition, we need the

anomalous dimension �=−k�k ln Ā
. We project the flow of
the average action �k on the flow of these couplings by tak-
ing appropriate �functional� derivatives on both sides of Eq.
�13�. We thereby obtain a set of coupled nonlinear differen-
tial equations which can be solved numerically.

At the microscopic scale k=� the initial values of our
couplings are determined from Eq. �12�. This gives m2���
=��−2�0, �0=0, ����=0, Z
���=1, h���=h�, ����=−2,
and n�=3�2�0���0�. The initial values �� and h� can be
connected to the two-particle scattering in vacuum close to a
Feshbach resonance. For this purpose one follows the flow of
m2�k� and h�k� in vacuum, i.e., �0=T=n=0 and extracts the
renormalized parameters m2=m2�k=0�, h=h�k=0�. The scat-
tering length a obeys a=−h2 / �8�m2� and the renormalized
Yukawa coupling h determines the width of the resonance as
discussed in Sec. VII. Broad Feshbach resonances with large
h become independent of h.

The infrared cutoff we use is purely spacelike and reads in
terms of the bare fields

�Sk = �
p

�	†�p��sign�p�2 − ��k2 − �p�2 − ���

��k2 − �p�2 − ���	�p�

+ 
̄��p�Ā
�k2 − p�2/2���k2 − p�2/2�
̄�p�� . �22�

For the fermions it regularizes fluctuations around the Fermi
surface, while for the bosons fluctuations with small mo-
menta are suppressed. The choice of �Sk in Eq. �22� is an
optimized choice in the sense of Refs. 29 and 31.

The flow equations without the effect of the particle-hole
exchange have been discussed extensively elsewhere.19,20

Even though we use here a different cutoff and a different
treatment of the density, we will not give them explicitly and
rather concentrate on the effects of particle-hole exchange
diagrams.

III. PARTICLE-HOLE FLUCTUATIONS

The BCS theory of superfluidity in a Fermi gas of atoms
is valid for a small attractive interaction between the
fermions.32 In a renormalization-group setting, the features
of BCS theory can be described in a purely fermionic lan-
guage. The only scale dependent object is the fermion inter-
action vertex �	. The flow depends on the temperature and
the chemical potential. For positive chemical potential ��
�0� and small temperatures T, the appearance of pairing is
indicated by the divergence of �	.

In general, the interaction vertex is momentum dependent
and represented by a term

��	 = �
p1,p2,p1�,p2�

�	�p1�,p1,p2�,p2�

 	1
��p1��	1�p1�	2

��p2��	2�p2� �23�

in the effective action. In a homogeneous situation, momen-

tum conservation restricts the expression in Eq. �23� to three
independent momenta, �	���p1�+ p2�− p1− p2�. The flow of
�	 has two contributions which are depicted in Fig. 1.

The first diagram describes particle-particle fluctuations.
For ��0 its effect increases as the temperature T is lowered.
For small temperatures T�Tc,BCS the logarithmic divergence
leads to the appearance of pairing, as �	→�.

In the purely fermionic formulation the flow equation for
�	 has the general form28,33

�k�	
� = A��

� �	
��	
� , �24�

with � , � , � denoting momentum as well as spin labels. A
numerical solution of this equation is rather involved due to
the rich momentum structure. The case of the attractive Hub-
bard model in two dimensions, which is close to our prob-
lem, has recently been discussed in Ref. 34. The BCS ap-
proach concentrates on the pointlike coupling, evaluated by
setting all momenta to zero. For k→0, �0→0, T→0, and
n→0 this coupling is related the scattering length, a
= 1

8��	�pi=0�. In the BCS approximation only the first dia-
gram in Fig. 1 is kept, and the momentum dependence of the
couplings on the right-hand side �rhs� of Eq. �24� is ne-
glected by replacing �	

� by the pointlike coupling evaluated
at zero momentum. In terms of the scattering length a, Fermi
momentum kF, and Fermi temperature TF, the critical tem-
perature is found to be

Tc

TF
 0.61e�/�2akF�. �25�

This is the result of the original BCS theory. However, it is
obtained by entirely neglecting the second loop in Fig. 1,
which describes particle-hole fluctuations. At zero tempera-
ture the expression for this second diagram vanishes if it is
evaluated for vanishing external momenta. Indeed, the two
poles of the frequency integration are always either in the
upper or lower half of the complex plane and the contour of
the frequency integration can be closed in the half plane
without poles.

The dominant part of the scattering in a fermion gas oc-
curs, however, for momenta on the Fermi surface rather than
for zero momentum. For nonzero momenta of the “external
particles” the second diagram in Fig. 1—the particle-hole
channel—makes an important contribution.

Setting the external frequencies to zero, we find that the
inverse propagators in the particle-hole loop are

p1 p2

p′
1 p′

2

p1 p2

p′
2 p′

1

∂kλψ = ∂̃k + ∂̃k

FIG. 1. Running of the momentum dependent vertex �	. Here �̃k

indicates derivatives with respect to the cutoff terms in the propa-
gators and does not act on the vertices in the depicted diagrams. We
will refer to the first loop as the particle-particle loop �pp-loop� and
to the second one as the particle-hole loop �ph-loop�.
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P	�q� = iq0 + �q� − p�1�2 − � , �26�

and

P	�q� = iq0 + �q� − p�2��
2 − � . �27�

Depending on the value of the momenta p�1 and p�2�, there are
now values of the loop momentum q� for which the poles of
the frequency integration are in different half planes so that
there is a nonzero contribution even for T=0.

To include the effect of particle-hole fluctuations one
could try to take the full momentum dependence of the ver-
tex �	 into account. However, this leads to complicated ex-
pressions which are hard to solve even numerically. One
therefore often restricts the flow to the running of a single
coupling �	 by choosing an appropriate projection prescrip-
tion to determine the flow equation. In the purely fermionic
description with a single running coupling �	, this flow
equation has a simple structure. The solution for �	

−1 can be
written as a contribution from the particle-particle �first dia-
gram in Fig. 1, pp-loop� and the particle-hole �second dia-
gram, ph-loop� channels

1

�	�k = 0�
=

1

�	�k = ��
+ pp-loop + ph-loop. �28�

Since the ph-loop depends only weakly on the temperature,
one can evaluate it at T=0 and add it to the initial value
�	�k=��−1. Since Tc depends exponentially on the “effective
microscopic coupling”

��	,�
eff �−1 = �	�k = ��−1 + ph-loop, �29�

any shift in ��	,�
eff �−1 results in a multiplicative factor for Tc.

The numerical value of the ph-loop and therefore of the cor-
rection factor for Tc /TF depend on the precise projection
description.

Let us now choose the appropriate momentum configura-
tion. For the formation of Cooper pairs, the relevant mo-
menta lie on the Fermi surface,

p�1
2 = p�2

2 = p�1�
2 = p�2�

2 = � , �30�

and point in opposite directions

p�1 = − p�2,p�1� = − p�2�. �31�

This still leaves the angle between p�1 and p�1� unspecified.
Gorkov’s approximation uses Eqs. �30� and �31� and projects
on the s-wave by averaging over the angle between p�1 and
p�1�. One can shift the loop momentum such that the internal
propagators depend on q�2 and �q� + p�1− p�1��

2. In terms of
spherical coordinates the first propagator depends only on
the magnitude of the loop momentum q2=q�2, while the sec-
ond depends additionally on the transfer momentum p̃2

= 1
4 �p�1− p�1��

2 and the angle � between q� and �p�1− p�1��,

�q� + p�1 − p�1��
2 = q2 + 4p̃2 + 4qp̃ cos��� . �32�

Performing the loop integration involves the integration over
q2 and the angle �. The averaging over the angle between p�1
and p�1� translates to an averaging over p̃2. Both can be done
analytically24 for the fermionic particle-hole diagram and the

result gives the well-known Gorkov correction to BCS
theory, resulting in

Tc =
1

�4e�1/3Tc,BCS 
1

2.2
Tc,BCS. �33�

In this paper we will use a numerically simpler projection
by choosing p�1�= p�1 and p�2= p�2�, without an averaging over
the angle between p�1� and p�1. The size of p̃2= p�1

2 is chosen
such that the one-loop result reproduces exactly the result of
the Gorkov correction, namely p̃=0.7326��. Choosing dif-
ferent values of p̃ demonstrates the dependence of Tc on the
projection procedure and may be taken as an estimate for the
error that arises from the limitation to one single coupling �	
instead of a momentum dependent function.

IV. BOSONIZATION

In Sec. II we describe an effective four-fermion interac-
tion by the exchange of a boson. In this picture the phase
transition to the superfluid phase is indicated by the vanish-
ing of the bosonic mass term m2=0. Negative m2 leads to the
spontaneous breaking of U�1� symmetry, since the minimum
of the effective potential occurs for a nonvanishing super-
fluid density �0�0.

For m2�0 we can solve the field equation for the boson 

as a functional of 	 and insert the solution into the effective
action. This leads to an effective four-fermion vertex describ-
ing the scattering 	1�p1�	2�p2�→	1�p1��	2�p2��,

�	,eff =
− h2

i�p1 + p2�0 +
1

2
�p�1 + p�2�2 + m2

. �34�

To investigate the breaking of U�1� symmetry and the onset
of superfluidity, we first consider the flow of the bosonic
propagator, which is mainly driven by the fermionic loop
diagram. For the effective four-fermion interaction this ac-
counts for the particle-particle loop �see rhs of Fig. 2�. In the
BCS limit of a large microscopic m�

2 the running of m2 for
k→0 reproduces the BCS result.32

The particle-hole fluctuations are not accounted for by the
renormalization of the boson propagator. Indeed, we have
neglected so far that a term

�
�,x�
�		1

�	1	2
�	2 �35�

in the effective action is generated by the flow. This holds
even if the microscopic pointlike interaction is absorbed by a

p1 p2

p′
1 p′

2

p1 p2

p′
1 p′

2

∂t = ∂̃t + . . .

FIG. 2. Flow of the boson propagator.
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Hubbard-Stratonovich transformation into an effective boson
exchange such that �	���=0. The strength of the total inter-
action between fermions,

�	,eff =
− h2

i�p1 + p2�0 +
1

2
�p�1 + p�2�2 + m2

+ �	, �36�

adds �	 to the piece generated by boson exchange.
In the partially bosonized formulation, the flow of �	 is

generated by the box diagrams depicted in Fig. 3. We may
interpret these diagrams and establish a direct connection to
the particle-hole diagrams depicted in Fig. 1 on the BCS side
of the crossover and in the microscopic regime. There the
boson gap m2 is large. In this case, the effective fermion
interaction in Eq. �36� becomes momentum independent.
Diagrammatically, this is represented by contracting the
bosonic propagator. One can see, that the box diagram in Fig.
3 is then equivalent to the particle-hole loop investigated in
Sec. III with the pointlike approximation �	,eff→− h2

m2 for the
fermion interaction vertex. As mentioned above, these con-
tributions vanish for T=0, ��0 for arbitrary p� i. Indeed, at
zero temperature, the summation over the Matsubara fre-
quencies becomes an integral. All the poles of this integra-
tion are in the upper half of the complex plane and the inte-
gration contour can be closed in the lower half plane. We
will evaluate �k�	 for p�1= p�1�=−p�2=−p�2�, �p�1�= p̃=0.7326��,
as discussed in Sec. III. For ��0 this yields a nonvanishing
flow even for T=0.

Another simplification concerns the temperature depen-
dence. While the contribution of particle-particle diagrams
becomes very large for small temperatures, this is not the
case for particle-hole diagrams. For nonvanishing density
and small temperatures, the large effect of particle-particle
fluctuations leads to the spontaneous breaking of the U�1�
symmetry and the associated superfluidity. In contrast, the
particle-hole fluctuations lead only to quantitative correc-
tions and depend only weakly on temperature. This can be
checked explicitly in the pointlike approximation, and holds
not only in the BCS regime where T /��1 but also for mod-
erate T /� as realized at the critical temperature in the unitary
regime. We can therefore evaluate the box diagrams in Fig. 1
for zero temperature. We note that an implicit temperature
dependence, resulting from the couplings parameterizing the
boson propagator, is taken into account.

After these preliminaries, we can now incorporate the ef-
fect of particle-hole fluctuations in the renormalization-group
flow. A first idea might be to include the additional term �35�
in the truncation and to study the effects of �	 on the remain-

ing flow equations. On the initial or microscopic scale one
would have �	=0, but it would then be generated by the
flow. This procedure, however, has several shortcomings.
First, the appearance of a local condensate would now be
indicated by the divergence of the effective four-fermion in-
teraction,

�	,eff = −
h2

m2 + �	. �37�

This might lead to numerical instabilities for large or diverg-
ing �	. The simple picture that the divergence of �	,eff is
connected to the onset of a nonvanishing expectation value
for the bosonic field 
0, at least on intermediate scales,
would not hold anymore. Furthermore, the dependence of the
box diagrams on the center-of-mass momentum would be
neglected completely by this procedure. Close to the reso-
nance the momentum dependence of the effective four-
fermion interaction in the bosonized language as in Eq. �36�
is crucial, and this might also be the case for the particle-hole
contribution.

Another, much more elegant way to incorporate the effect
of particle-hole fluctuations is provided by the method of
bosonization.29,35 For this purpose, we use scale dependent
fields in the average action. The scale dependence of �k��k�
is modified by a term reflecting the k dependence of the
argument �k �Ref. 35�,

�k�k��k� =� ��k

��k
�k�k +

1

2
STr���k

�2� + Rk�−1�kRk� . �38�

For our purpose it is sufficient to work with scale depen-
dent bosonic fields 
̄ and keep the fermionic field 	 scale
independent. In practice, we employ bosonic fields 
̄k

� and 
̄k
with an explicit scale dependence which reads in momentum
space

�k
̄k�q� = �	1	2��q��k� ,

�k
̄k
��q� = �	2

†	1
†��q��k� . �39�

In consequence, the flow equations in the symmetric regime
get modified

�kh̄ = �kh̄�
̄k
− P̄
�q��k� , �40�

�k�	 = �k�	�
̄k
− 2h̄�k� . �41�

Here q is the center-of-mass momentum of the scattering
fermions. In the notation of Eq. �34� we have q= p1+ p2 and
we will take q� =0 and q0=0. The first term on the right-hand
side of Eq. �41� gives the contribution of the flow equation
which is valid for fixed field 
̄k. The second term comes
from the explicit scale dependence of 
̄k. The inverse propa-

gator of the complex boson field 
̄ is denoted by P̄
�q�
= Ā
P
�q�= Ā
�m2+ iZ
q0+q�2 /2� �cf. Eq. �3��.

We can choose �k� such that the flow of the coupling �	
vanishes, i.e., that we have �	=0 on all scales. This modifies
the flow equation for the renormalized Yukawa coupling ac-
cording to

∂tλψ = ∂̃t

p1 p′
1

p′
2 p2

FIG. 3. Box diagram for the flow of the four-fermion
interaction.
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�kh = �kh�
̄k
−

m2

2h
�k�	�
̄k

, �42�

with �kh �
̄k
the contribution without bosonization and �k�	 �
̄k

given by the box diagram in Fig. 3. Since �	 remains zero
during the flow, the effective four-fermion interaction �	,eff is
now purely given by the boson exchange. However, the con-
tribution of the particle-hole exchange diagrams is incorpo-
rated via the second term in Eq. �42�.

In the regime with spontaneously broken symmetry we
use a real basis for the bosonic field


̄ = 
̄0 +
1
�2

�
̄1 + i
̄2� , �43�

where the expectation value 
̄0 is chosen to be real without
loss of generality. The real fields 
̄1 and 
̄2 then describe the
radial and the Goldstone mode, respectively. To determine

the flow equation of h̄, we use the projection description

�kh̄ = i�2�−1 �

�
2�0�
�

�	1�0�
�

�	2�0�
�k�k, �44�

with the four volume �= 1
T�x�. Since the Goldstone mode has

vanishing “mass,” the flow of the Yukawa coupling is not
modified by the box diagram �Fig. 3� in the regime with
spontaneous symmetry breaking.

We emphasize that the nonperturbative nature of the flow
equations for the various couplings provides for a resumma-
tion similar to the one in Eq. �28�, and thus goes beyond the
treatment by Gorkov and Melik-Barkhudarov23 which in-
cludes the particle-hole diagrams only in a perturbative way.
Furthermore, the inner bosonic lines h2 / P
�q� in the box
diagrams represent the center-of-mass momentum depen-
dence of the four-fermion vertex. This center-of-mass mo-
mentum dependence is neglected in Gorkov’s pointlike treat-
ment and thus represents a further improvement of the
classic calculation. Actually, this momentum dependence be-
comes substantial—and should not be neglected in a consis-
tent treatment—away from the BCS regime where the phys-
ics of the bosonic bound state sets in. Finally, we note that
the truncation �Eq. �19�� supplemented with Eq. �35� closes
the truncation to fourth order in the fields except for a
fermion-boson vertex �	
	

†	
�
 which plays a role for the
scattering physics deep in the BEC regime36 but is not ex-
pected to have an important impact on the critical tempera-
ture in the unitarity and BCS regimes.

V. CRITICAL TEMPERATURE

To obtain the flow equations for the running couplings of
our truncation Eq. �19� we use projection prescriptions simi-
lar to Eq. �44�. The resulting system of ordinary coupled
differential equations is then solved numerically for different
chemical potentials � and temperatures T. For temperatures
sufficiently small compared to the Fermi temperature TF
= �3�2n�2/3, T /TF�1 we find that the effective potential U at
the macroscopic scale k=0 develops a minimum at a nonzero
field value �0�0, ��U��0�=0. The system is then in the su-

perfluid phase. For larger temperatures we find that the mini-
mum is at �0=0 and that the “mass parameter” m2 is positive,
m2=��U�0��0. The critical temperature Tc of this phase
transition between the superfluid and the normal phase is
then defined as the temperature where one has

�0 = 0, ��U�0� = 0 at k = 0. �45�

Throughout the whole crossover the transition �0→0 is con-
tinuous as a function of T demonstrating that the phase tran-
sition is of second order.

In Fig. 4 we plot our result obtained for the critical tem-
perature Tc and the Fermi temperature TF as a function of the
chemical potential � at the unitarity point with a−1=0. From
dimensional analysis it is clear that both dependencies are
linear, Tc ,TF��, provided that nonuniversal effects involv-
ing the ultraviolet cutoff scale � can be neglected. That this
is indeed found numerically and can be seen as a nontrivial
test of our approximation scheme and the numerical proce-
dures as well as the universality of the system. Dividing the
slope of both lines gives Tc /TF=0.264, a result that will be
discussed in more detail below.

We emphasize that part of the potential error in this esti-
mates is due to uncertainties in the precise quantitative de-
termination of the density or TF.

VI. PHASE DIAGRAM

The effect of the particle-hole fluctuations shows most
prominently in the result for the critical temperature. With
our approach we can compute the critical temperature for the
phase transition to superfluidity throughout the crossover.
The results are shown in Fig. 5. We plot the critical tempera-
ture in units of the Fermi temperature Tc /TF as a function of
the scattering length measured in units of the inverse Fermi
momentum, i.e., the concentration c=akF. We can roughly
distinguish three different regimes. On the left side, where
c−1 −1, the interaction is weakly attractive. Mean field or
BCS theory is qualitatively valid here. In Fig. 5 we denote
the BCS result by the dotted line on the left �c−1�0�. How-
ever, the BCS approximation has to be corrected by the ef-
fect of particle-hole fluctuations, which lower the value for
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FIG. 4. �Color online� Critical temperature Tc �boxes� and Fermi
temperature TF= �3�2n�2/3 �triangles� as a function of the chemical
potential �. For convenience the Fermi temperature is scaled by a
factor 1/5. We also plot the linear fits Tc=0.39� and TF=1.48�.
The units are arbitrary and we use �=e7.
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the critical temperature by a factor of 2.2. This is the Gorkov
correction �dashed line on the left side in Fig. 5�. The second
regime is found on the far right side, where the interaction
again is weak, but now we find a bound state of two atoms.
In this regime the system exhibits Bose-Einstein condensa-
tion of molecules as the temperature is decreased. The
dashed horizontal line on the right side shows the critical
temperature of a free Bose-Einstein condensate of molecules.
In between there is the unitarity regime, where the two-atom
scattering length diverges �c−1→0� and we deal with a sys-
tem of strongly interacting fermions.

Our result including the particle-hole fluctuations is given
by the solid line. This may be compared with a functional
renormalization flow investigation without including
particle-hole fluctuations �dot-dashed line�.19 For c→0− the
solid line of our result matches the BCS theory including the
correction by Gorkov and Melik-Barkhudarov,23

Tc

TF
=

eC

�
�2

e
	7/3

e�/�2c�  0.28e�/�2c�. �46�

In the regime c−1�−2 we see that the nonperturbative result
given by our RG analysis deviates from Gorkov’s result,
which is derived in a perturbative setting.

On the BEC side for very large and positive c−1 our result
approaches the critical temperature of a free Bose gas where
the bosons have twice the mass of the fermions MB=2M. In
our units the critical temperature is then

Tc,BEC

TF
=

2�

�6�2!�3/2��2/3  0.218. �47�

For c→0+ this value is approached in the form

Tc − Tc,BEC

Tc,BEC
= "aMnM

1/3 = "
aM

a

c

�6�2�1/3 . �48�

Here, nM =n /2 is the density of molecules, and aM is the
scattering length between them. For the ratio aM /a we use
our result aM /a=0.718 obtained from solving the flow equa-
tions in vacuum, i.e., at T=n=0, see also Ref. 19. This has to
be compared to the result obtained from solving the corre-
sponding Schrödinger equation which gives aM /a=0.6.37 For
the coefficients determining the shift in Tc compared to the
free Bose gas we find "=1.55.

For c−1#0.5 the effect of the particle-hole fluctuations
vanishes. This is expected since the chemical potential is
now negative ��0 and there is no Fermi surface any more.
Because of that there is no difference between the new curve
with particle-hole fluctuations �solid in Fig. 5� and the one
obtained when particle-hole contributions are neglected �dot-
dashed in Fig. 5�. Due to the use of an optimized cutoff
scheme and a different computation of the density our results
differ slightly from the ones obtained in Ref. 19.

In the unitary regime �c−10� the particle-hole fluctua-
tions still have a quantitative effect. We can give an im-
proved estimate for the critical temperature at the resonance
�c−1=0� where we find Tc /TF=0.264. Results from quantum
Monte Carlo simulations are Tc /TF=0.15 �Refs. 12 and 13�
and Tc /TF=0.245.14 The discrepancies between the numeri-
cal results in Refs. 12 and 13 and our result may arise from
the simplifications that we imposed on the momentum de-
pendence for the four fermion interaction, which we param-
eterize by a boson exchange. The measurement by Luo et al.3

in an optical trap gives Tc /TF=0.29�+0.03 /−0.02�, which is
a result based on the study of the specific heat of the system.

VII. CROSSOVER TO NARROW RESONANCES

Since we use a two-channel model �Eq. �1�� we cannot
only describe broad resonances with h�

2 →� but also narrow
ones with h�

2 →0. This corresponds to a nontrivial limit of
the theory which can be treated exactly.7,8 In the limit h�
→0 the microscopic action �Eq. �1�� describes free fermions
and bosons. The essential feature is that they are in thermo-
dynamic equilibrium so that they have equal chemical poten-
tial. �There is a factor 2 for the bosons since they consist of
two fermions.� For vanishing Yukawa coupling h� the theory
is Gaussian and the macroscopic propagator equals the mi-
croscopic propagator. There is no normalization of the mass
term m2 so that the detuning parameter in Eq. �1� is �
=�M�B−B0� and

m2 = �M�B − B0� − 2� . �49�

To determine the critical density for fixed temperature, we
have to adjust the chemical potential � such that the bosons
are just at the border to the superfluid phase. For free bosons
this implies m2=0 and thus

� =
1

2
�M�B − B0� = −

1

16�
h2a−1. �50�

In the last equation we use the relation between the detuning
and the scattering length

�2 0 2 4 6
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35
T

c−1

FIG. 5. �Color online� Dimensionless critical temperature Tc /TF

as a function of the inverse concentration c−1= �akF�−1. The black
solid line includes the effect of particle-hole fluctuations. We also
show the result obtained when particle-hole fluctuations are ne-
glected �dot-dashed line�. For comparison, we plot the BCS result
without �left dotted line� and with Gorkov’s correction �left dashed�.
On the BEC side with c−1�1 we show the critical temperature for
a gas of free bosonic molecules �horizontal dashed line� and a fit to
the shift in Tc for interacting bosons, �Tc�c �dotted line on the
right�. The black solid dot shows the QMC results �Refs. 12 and
13�.
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a = −
h2

8��M�B − B0�
. �51�

The critical temperature Tc is now determined from the im-
plicit equation

� d3p

�2��3� 2

e�1/Tc��p�2−�� + 1
+

2

e�1/2Tc�p�2
− 1

 = n . �52�

While the BCS-BEC crossover can be studied as a func-
tion of B−B0 or �, Eq. �51� implies that for h�

2 →0 a finite
scattering length a requires B→B0. For all c�0 the narrow
resonance limit implies for the phase transition B=B0 and
therefore �=0. �A different concentration variable cmed was
used in Refs. 7 and 16 such that the crossover could be
studied as a function of cmed in the narrow resonance limit,
see the discussion at the end of this section.� For �=0 Eq.
�52� can be solved analytically and gives

Tc

TF
= � 4�2

3�3 + �2��1/2!�3/2�
	2/3

 0.204. �53�

This result is confirmed numerically by solving the flow
equations for different microscopic Yukawa couplings h�
and taking the limit h�→0. In Fig. 6, we show the critical
temperature Tc /TF as a function of the dimensionless
Yukawa coupling h� /�kF in the “unitarity limit” c−1=0
�solid line�. For small values of the Yukawa coupling,
h� /�kF 2 we enter the regime of the narrow resonance
limit and the critical temperature is independent of the pre-
cise value of h�. The numerical value matches the analytical
result Tc /TF0.204 �dotted line in Fig. 6�. For large Yukawa
couplings, h� /�kF#40, we recover the result of the broad
resonance limit as expected. In between there is a smooth
crossover of the critical temperature from narrow to broad
resonances.

Here we use a definition of the concentration c=akF in
terms of the vacuum scattering length a. This has the advan-
tage of a straightforward comparison with experiment since
a−1 is directly related to the detuning of the magnetic field
B−B0, and the unitarity limit c−1=0 precisely corresponds to
the peak of the resonance B=B0. However, for a nonvanish-
ing density other definitions of the concentration parameter

are possible, since the effective fermion interaction �	,eff de-
pends on the density. For example, one could define for n
�0 a “in medium scattering length” ā=�	,eff / �8��, with
�	,eff=−h2 /m2 evaluated for T=0 but n�0.7 The corre-
sponding “in medium concentration” cmed= ākF would differ
from our definition by a term involving the chemical poten-
tial, resulting in a shift of the location of the unitarity limit if
the latter is defined as cmed

−1 =0. While for broad resonances
both definitions effectively coincide, for narrow resonances a
precise statement how the concentration is defined is manda-
tory when aiming for a precision comparison with experi-
ment and numerical simulations for quantities as Tc /TF at the
unitarity limit. For example, defining the unitarity limit by
cmed

−1 =0 would shift the critical temperature in the narrow
resonance limit to Tc /TF=0.185.7

VIII. CONCLUSION

This paper aims at a quantitatively reliable computation of
the phase diagram for the transition to superfluidity for non-
relativistic fermions. We obtain an estimate of the critical
temperature Tc for the whole range of scattering length in the
BCS-BEC crossover. A quantitatively precise determination
of Tc for the BCS-BEC crossover is a challenge both for
theory and experiment. A successful match would extend the
success of the “universal critical physics” to quantities that
are “nonuniversal” in the language of critical phenomena as
the critical temperature itself. On the theoretical side this
requires a full control of the mapping from microphysics to
macrophysics. It constitutes a decisive test for nonperturba-
tive methods in complex many-body theories. For strongly
interacting fermions an extended universality also includes
universal physics away from the critical temperature, as the
low-temperature limit T→0.

For nonrelativistic fermions the task of a precise compu-
tation of Tc is difficult even for small scattering length. The
basic reason is that the phase transition itself is a nonpertur-
bative phenomenon, linked to an effective fermion interac-
tion �	,eff growing to large values. In order to locate Tc pre-
cisely, one has to follow the scale dependence of �	,eff with
sufficient precision. The problem arises from the substantial
momentum dependence of the fluctuation contributions to
the effective four-fermion vertex. In principle, a consistent
one-loop approximation to the flow should follow the full
momentum dependence of the vertex according to Eq. �24�.
With the general form Tc /TF=Fe�/�2kFa� for akF→0− this
will influence the value of the prefactor F. Different projec-
tions of the flow �Eq. �24�� onto a single coupling �	, as the
BCS approximation or the Gorkov projection prescription,
result in different approximations for F. The detailed mo-
mentum dependence of the effective fermion interaction
�	,eff is also expected to be important at the unitarity point
with a→�.

In this paper we use a projection that coincides with the
Gorkov approximation in the BCS-limit akF→0−. Our
method of nonperturbative flow equations allows us to ex-
tend Gorkov’s result to the whole range of a, including the
unitarity limit a→� and the BEC limit akF→0+. Already at

0.1 1 10 100 1000

0.20

0.22

0.24

0.26

Tc/TF

hΛ/
√

kF

FIG. 6. �Color online� The critical temperature divided by the
Fermi temperature Tc /TF as a function of the dimensionless
Yukawa coupling h� /�kF for c−1=0 �solid line�. One can clearly
see the plateaus in the narrow resonance limit �Tc /TF0.204, dot-
ted line� and in the broad resonance limit �Tc /TF0.264, dashed
line�.
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the present stage of truncation our result Tc /TF=0.264 for
a→� competes with quantum Monte Carlo simulations. On
the BEC side of the crossover we find a shift of the critical
temperature that is linear in the scattering length between
bosons aM with a coefficient "=1.55. Within our approach
we can also study narrow resonances with h�

2 →0. At unitar-
ity we find a smooth crossover from our broad resonance
result to the exact value for narrow resonances. Further ex-
tensions of the truncation should refine the estimates of Tc

and also permit an indication of the theoretical uncertainty of
these estimates.
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